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Table 2 Parameter estimates from discretized � ight data
of X-31A unstable aircraft

Parameters @ Pq=@® @ Pq=@q @ Pq=@± Cm® Cmq Cm±

Delta 2.539 ¡1.269 ¡10.150 —— —— ——
(0.396)a (0.351) (0.851)

Ref. 1 —— —— —— 0.119 ¡1.650 ¡0.57
aSample standard deviation.

Fig. 1 Comparison of measured and computed accelerations ( Çq ¡¡ Çq ¤ )
via the delta method.

denote the trim value of the corresponding variables. This is done
to conform results with those reported in Ref. 1. Similarly the out-
put variable is de� ned as ( Pq ¡ Pq¤). The use of ( Pq ¡ Pq¤) would also
ensure that the assumption made earlier for representingEq. (3) by
Eq. (6) is reasonable,because it implies cancellationof steady-state
contributionsto pitching moment from the aerodynamic forces and
propulsive unit forces.

Once the network is trained, the delta method is used to estimate
derivatives@ Pq=@®, @ Pq=@q , and @ Pq=@±, and the results are shown in
Table 2. The parameter estimates of Cm® , Cmq , and Cm± from Ref. 1
are also given for ready reference.

Using Table 2, it is readilyseen that the ratio .@ Pq=@®/=.@ Pq=@±/ D
¡0:250 compares reasonably with the ratio Cm®=Cm± D ¡0:208
despite the uncertainties caused by discretization of analog
plots of real-� ight data and omission of contributions to Cm

from the propulsive forces. Next, the estimated derivatives
@ Pq=@®, @ Pq=@q, and @ Pq=@± are used to compute the estimated
( Pq ¡ Pq¤/ D .@ Pq=@®/® C .@ Pq=@q/q C .@ Pq=@±/±. The so-estimated
( Pq ¡ Pq¤/ shows reasonable match with the actual (discretized)
( Pq ¡ Pq¤) as shown in Fig. 1. The discrepancybetween the actual and
estimated values of ( Pq ¡ Pq¤) can be largely assigned to an insuf� -
cient number of input variables in the network input � le, which, in
turn, was caused by a lack of information(for example, about thrust
contributions)made available in Ref. 1.

Conclusions
The neural-network-based delta method is shown to be a good

alternative to the existing methods for estimating parameters of an
unstable aircraft. It does not require postulation of aircraft model,
initial guessvaluesof parameters,or estimationof initial conditions.
It is a noniterativemethod and uses the measured � ight data directly
to train the neural network and subsequentlyestimate parameters in
one go. The applicabilityof the delta method is shown on simulated
as well as discretized analog plots of real-� ight data. The results
suggestthat thedeltamethodcan beusedadvantageouslyto estimate
parameters of an unstable aircraft.
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Flight Testing Radar Detection
of the Saab 105 in Level Flight

Martin Norsell¤

Royal Institute of Technology,
SE-100 44 Stockholm, Sweden

Nomenclature
G = antenna gain
k = wave number
Pmin = minimum power level of the received

signal necessary for detection
Pt = transmitted power
Rd = detection range
® = angle of attack
° = � ight-path angle
¸ = wavelength
º0 = radar-dependentdetection distance
¾ = radar cross section

Introduction

T HE Department of Aeronautics at the Royal Institute of Tech-
nology (KTH) has for some time been involved in developing

methods for aircraft trajectory optimization. When the developed
methods are used, it is possible to compute a � ight path taking the
aircraft from one state to another in minimum time or using mini-
mum fuel.1¡3 The optimized trajectories have been � ight tested by
the Swedish Air Force using the supersonic Saab J35 Draken2 and
the jet trainer Saab 105 (Ref. 4).

It is unlikely, in modern combat scenarios, that the optimal � ight
path with respectto the aircraftperformanceonly is very useful.The
main threat againstaircraft is radar, which stands for radiodetection
and ranging. The effectiveness of the radar is determined by range
and the geometry of the aircraft. The detection time is de� ned as
the time interval between the instant at which the aircraft is � rst
detected and the instant at which the aircraft reaches the speci� ed
target. The detection distance is the distance from the target to the
position at which the aircraft is � rst detected by radar. Given an
initial position and a target position, the offset distance is de� ned
as the perpendiculardistance to an alternative � ight path parallel to
the original � ight path. Hence, a � ight path pointing directly at, or
above, the target is de� ned to have zero offset.

The purpose of the present study is to perform a preliminary in-
vestigation of the possibility to reduce the distance to the location
where an aircraft is � rst detected by hostile radar by considering
the radar cross section (RCS) properties of the aircraft. To gain un-
derstandingof the potential decrease in detection time, a numerical
example is considered.
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This Note describes the model and numerical implementation
used to calculate the radar detection distance when a Saab 105
approaches a radar station in level � ight at different altitudes and
with different offset. Trajectory optimization is used to minimize
the time a hostile radar has the aircraft under surveillance from
point of detection until passing above the radar station. Finally, nu-
merical results together with the results obtained in � ight tests are
presentedand the differencesdiscussed. Improvements for possible
future � ight tests are also outlined.

Background
If no analytical solution is possible, the current method of

choice for exactly solving electromagnetic problems according to
Maxwell’s equations is the method of moments. Unfortunately, this
method is not applicable on large electromagnetic problems such
as a full-size aircraft at 10-GHz frequency. This is due to the large,
dense, and complex system of equations that needs to be solved.

The calculationsof RCS in this Note were performedby Ericsson
Microwave Systems (EMW) using physical optics (PO).5¡7 The
simpli� cation done in PO is to assume that the current at the bound-
ary of the radar-illuminated region is zero. This implies that no
currents can follow the shape of the object and interact with other
currents at some other boundary. Hence, the PO approximationex-
clude surface waves. This method becomes more accurate at high
frequencies when the wavelength compared to the physical size
of the object decreases, and hence, the boundaries become less
important.

To avoid radar detection it is only necessary to have suf� ciently
low RCS, so that the echo returned is below the detection threshold
of the radar.6 The RCS of a target is a functionof the polarizationof
the incident wave, the angle of incidence, the angle of observation,
the geometry of the target, the electrical properties of the target,
and the frequency of operation. The backscatter of an object is de-
� ned as the equivalent area that would intercept the same amount
of incident power to produce the same scatter power density at the
receiver site if the object scattered uniformly in all directions.8 A
simple form of the basic radar range equation is given by9

R4
d D

Pt G2¸2¾

.4¼/3 Pmin
(1)

Equation(1) canbe split into two separateparts,one radardependent
and another that is the aircraft RCS, giving

Rd D º0 ¾
1
4 (2)

The aircraftRCS dependson theorientationof the aircraft relativeto
the radar station.An airplanein normal � ight experiencesvibrations
due to perturbations such as turbulence in the surroundingair. This
affects the RCS seen by the detecting radar. Because the RCS can
vary several orders of magnitude for very small variations in angle,
this effect may have signi� cant in� uence on the RCS and, hence,
the detection distance.

Numerical Simulation
ApproximateRCS data for theSaab105was obtainedfromEMW.

The canopyof the Saab 105 is not treated to be re� ective and, hence,
excludedfrom the analysis.Furthermore, the fences on the wing are
not modeled. These are placed at 90-deg angle to the wing and
contribute to the overall RCS as dihedrals,which are known to give
large RCS contribution.5 The data are given for 0 to ¡10 deg in
elevation and for 0 to 99:75 deg in azimuth. The resolution is 1 deg
in elevation and 0:2 deg in azimuth.

The case implemented uses radar data for EMW’s HARD radar,
equipped with a prototype antenna. HARD is a small three-
dimensional tracking and guidance radar for antiaircraft defense.
Because of its randomness, detection performance is usually stated
in terms of probabilities.The most commonly used is the blip–scan
ratio. It is the probabilityof detecting a given target at a given range
and altitude anytime the antenna beam scans across the target.10

The detection probability for the HARD radar using the prototype

Fig. 1 Optimized � ight path in the xy plane, altitude � xed at 850 m.

antenna is given to be 0.8 for a target with ¾ D 1 m2 , but is not
further speci� ed. Because of the limited coverage in elevation of
the RCS data available, the lower and upper altitude limits are � xed
at 0.1 and 1.2 km, respectively, thus also avoiding the re� ective
contribution present for angles less than 0.1 deg above the radar
horizon. Straight and level � ight with ° D 0 until the detection dis-
tance is assumed. When the aircraft is detected, the optimal � ight
path with respect to detection time is calculated and used in the
evaluation.

Furthermore,theaircraftis assumedto passabovethe radarstation
at 1-km altitude. If the initial altitude is held constant, the result
shown in Fig. 1 is obtained. The altitude is � xed at 850 m, the
radar station is placed in the origin, and the detection limit is shown
to vary as a function of the initial offset. The RCS of the aircraft
depends on both the azimuth and elevation toward the radar station.
When the aircraft approaches the radar station in level � ight with
some offset, the azimuth and elevation both change continuously.
This is the primary cause for the local minima and discontinuities
shown in the detection limit in Fig. 1, although the underlyingRCS
representation is smooth. Most conventional airplanes have high
RCS straight ahead due to the large radar re� ections caused by the
engine intakes. This is the reason for the long detection distance
when approaching the radar station head on. If the radar station is
simply approached with some initial offset, the detection distance
can be reduced by more than 50%. For optimization purposes, the
many local minima provides a challenging task and will be subject
to further research.

When the three-dimensionalproblem is considered looking at all
combinations of the x–y and y-altitude plots, many local minima
are detected. It can be concluded that even if the globally optimal
� ight path is not found, substantial reductions in detection time can
be achieved.

The results from this simple example show that the detectiontime
can be signi� cantly reduced. The detection time if approaching the
radar straight on at minimum altitude, 100 m, is 108 s. If the aircraft
approaches the radar with an initial offset of 4.35 km and at an
altitude of 1150 m, the detection time is 40.5 s, a reduction of more
than 60%.

Flight Testing
Based on the numerical results, the main concern is to check if it

is possible in practice to reduce the detectiondistanceand the corre-
sponding detection time by simply � ying offset to the radar station.
It is also valuable to get an indicationof the statisticalmeasure most
appropriate to describe the RCS of the aircraft.

The radar used in the test is the HARD radar manufactured by
EMW. It is an X-band radar that uses an instrumented range of
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20 km, that is, the radar is limited to only consider radar echoes
inside that range. In the test, 12 discrete frequencies in the 9-GHz
range are used. Furthermore, a prototype antennawith well-de� ned
properties is used.

The approximate RCS used for comparison with the � ight-test
results is available for 80 discrete frequenciesin the 9.6-GHz range.
The differencebetween the frequencyused in the measurementsand
calculationsaffectsthedetectiondistance.WhenEq. (1) is examined
and it is known that ¾ D ¾ .¸/, the effect on the detection distance
can be divided into two separate parts.6 First, the wave number
can be calculated k ´ 2¼=¸ ¼ 188 m¡1 . Together with the physical
dimensionsof the aircraft,this is well into the high-frequencyregion
suitableforPO calculations.In this region,collectiveinteractionsare
very weak so that the body is treated as a collection of independent
scatteringpoints.11 The net scattering is the complex phasor sum of
all of the isolated points. Hence, the RCS is approximately equal
to the projected geometrical area if multiple re� ection, diffraction,
and similar parameters are neglected.

Second,when the detectionrangeand º0 in Eq. (2) are considered,
it can be concluded that

º0calc

º0measured
D

³
¸calc

¸measured

´ 1
2

(3)

Hence, the total error between the calculateddetectionrangeand the
measureddetectionrange is about3%, if multiple re� ection,diffrac-
tion, and similarparametersare neglected.The detectionprobability
used throughout the calculations is 0.8.

The geographical coordinates obtained from the global position-
ing system (GPS) receivers are differentially corrected using the
methods outlined by Wanvik12 and transformed into Cartesian co-
ordinates with the radar station placed at the origin for convenient
visualization.

The coordinate system used in the RCS calculations is the same
as the coordinate system used for aerodata calculations. The latter
is the basis for the Saab 105 six-degree-of-freedom model used
for calculating ®, for each test case.4 This effect is accounted for
to calculate the correct elevation and azimuth angle for the body-
� xed RCS coordinate system. The difference experienced in ® is
between 1:1 and 0:65 deg dependingon altitude and remaining fuel.
This does not have any signi� cant effect on the calculatedRCS, but
this is probably due to the low resolution, 1 deg, in elevation. The
indicated airspeed used throughout the tests is 500 km/h to avoid
any low Doppler effects when � ying at large offset distance with
respect to the target. All calculations are based on the assumption
of level � ight, ° D 0.

A total of 16 test cases were conducted during 2 � ights. All
tests were performed with the same aircraft, E40. The aircraft was
equippedwith GPS fordata loggingand time reference.The pressure
altitude in the aircraft was used for altitude determination through-
out the tests. The weather was good during both � ights with little
or no wind. In Fig. 2, a typical test case is shown. The radar sta-
tion is placed at the origin and approached head on. The altitude
is 400 m, and the � ight path is represented by the dot–dashed line.
The � ight path shown in Fig. 2a is the same as the one shown in
Fig. 2b, but all of the different curves are shown separately. The
time t D 0 s is de� ned as the place where the test case is started. In
this particular case, the calculationsshowed that the aircraft should
be detected after approximately 90-s � ight time. The � rst time the
tracking function of the radar is initiated does not occur until after
105 s. Furthermore, the radar is seen to lose track and not lock onto
the aircraft � rmly until about 140 s into the test case. A complete
overview of all of the test cases is shown in Table 1.

The RCS used in the calculations is the maximum over the 80
frequencies calculated. The ongoing debate about using mean- or
median-valued RCS does not apply here because the HARD radar
measures 12 discrete frequencies and uses the best information
available. Other statistical measures have been used, resulting in
larger differences than what is presented in this Note. For some test
cases, the difference in the calculated and actual detection distance
is over 3 km. These differencesare believed to be caused mainly by

Table 1 Detection distance in � ight test compared
to numerical results

Detection distance

Pressure Offset, Calculated, Measured, Error,
Test altitude, m km km km %

1 550 0.0 14.8 13.4 C10.6
2 550 2.5 16.2 14.7 C10.3
3 850 0.0 14.1 15.6 ¡9.3
4 850 2.5 14.0 14.7 ¡5.0
5 1150 0.0 13.1 13.8 ¡4.9
6 1150 2.5 14.4 11.4 C26.0
7 550 0.0 14.0 16.7 ¡15.7
8 550 2.5 16.0 16.5 ¡2.7
9 550 4.0 15.1 17.0 ¡10.6
10 700 0.0 22.0 18.9 C16.6
11 700 2.5 14.6 16.1 ¡9.2
12 700 4.0 15.5 15.6 ¡0.9
13 850 0.0 19.6 19.2 C2.3
14 850 2.5 12.8 12.2 C5.7
15 850 4.0 17.2 17.3 ¡0.1
16 400 0.0 23.7 19.8 C19.9

a) b)

Fig. 2 Approaching the radar station at 400-m altitude head on.

the RCS modeling. The RCS calculationsare performed using PO,
which excludesmultiple re� ections,diffractionand similar parame-
ters. RCS calculationsof full-sizeaircraftusingmore exactmethods
are known to be very cumbersome, if at all possible.6 Furthermore,
the RCS may change several orders of magnitude for small angular
changes,which can effect the results.Hence, for future tests re� ned
attitude determination is suggested.

In Fig. 3, all of the tests performed at 850-m altitude are shown.
The radar station is approached head on, 2.5 and 4.0 km offset.
When the detection distance along each test case is examined, it
can be concluded that by approaching the radar station with some
offset the detectiondistance and detection time can be substantially
decreased.The detectionlimit shown in Fig. 1 predicts thisbehavior.
Note that the radar starts to track the aircraft and then loses the track
again, several times during the test cases. This may be possible to
avoid by small course changes if the RCS modeling is improvedand
optimization methods are developed.

Finally, the maximum detectiondistanceexperiencedin the � ight
test was 19.8 km when approaching the radar station head on at
400-m altitude. The shortest detection distance during the tests was
11.4 km, when approaching 2.5 km offset to the radar station at
1150-maltitude,a reductionof more then 40%. The � ight time from
these two states, with the optimal � ight path with respect to mini-
mum time, is calculated using the method described by Ringertz.4
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Fig. 3 Approaching the radar station at 850-m altitude.

Passing the radar station at 1000-m altitude results in � ight times
of 106 s and 60 s, respectively,which corresponds to a reduction of
43% in detection time. Hence, the reduction in the calculated de-
tection time is possible to obtain in reality. This is achievedwithout
any optimization methods applied.

Conclusions
The most important conclusion from the � ight test is that sub-

stantial decrease in the time interval between the instant at which
the aircraft is � rst detected by hostile radar and the instant at which
the aircraft reaches a speci� ed target is possible.

The current test suggests that the maximum RCS value over all
radar frequenciesshouldbe used.To utilize successfullythe compu-
tationalmodels of RCS and radars, these models have to be updated
and further veri� ed, alternativelyusing measured data only. It may
be possible to use a spline representationof the RCS for future use
in optimization.

The example considering a Saab 105 in level � ight approaching
a radar station shows a reduction in detection time by almost 50%.
The results in the � ight tests show a difference in the detection time
of 40%. This is obtained without optimization methods and shows
the great potential in using � ight-pathoptimizationwith radar range
constraints. Future work will include a more general optimization
formulation,where the radar range constraintsare part of the trajec-
tory optimization problem.
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I. Introduction

T HE maximum steady roll rate achievable in response to an
aileron input, in a maneuver where the sideslip is constrained

to be zero, is a useful design parameter for combat aircraft.A larger
value of the maximum roll rate, especiallyover the range of combat
Mach numbers, is generally considered to be indicative of superior
roll performance.1 In practice, the zero sideslip constraint is imple-
mented by using an aileron–rudder–interconnect law that suitably
schedulesthe rudderas a functionof the aileronde� ection. It is com-
monly believed that the maximum achievable roll rate is limited by
lack of aileron control power, or because the zero sideslip constraint
cannot be enforced due to limits on the rudder de� ection, or due to
structural constraints.2 However, for modern high-performanceair-
craft, nonlineareffects due to kinematic and inertial coupling (com-
monly called roll coupling) are dominant, and the maximum steady
roll rate is usually decided by dynamic stability considerations.The
purpose of this Note is to illustrate how the maximum steady roll
rate in a zero-sidesliproll maneuver, in the presenceof roll coupling
nonlinearities,may be calculated using a continuation algorithm.

The problemof instabilitiesin rapid roll maneuversof aircrafthas
beenwidely discussedin the literatureeversincethe phenomenonof
roll coupling was � rst discovered by Phillips3 in 1948. Hacker and
Oprisiu4 provided a review of the roll coupling problem, Schy and
Hannah5 interpreted the instability as a jump phenomenon, Carroll
and Mehra6 introducedthe use of bifurcationanalysis for prediction
of roll-coupled instability, Jahnke and Culick7 applied bifurcation
theory to compute points of onset of instability for the F-14, and
Ananthkrishnanand Sudhakar8 suggestedstrategiesto prevent jump
in roll-coupled maneuvers. More recently, Goman et al.9 have re-
viewed the use of bifurcationmethods for nonlinear � ight dynamics
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